The out-of-time-ordered correlator (OTOC) has been proposed as an indicator of chaos in quantum systems due to its simple interpretation in the semiclassical limit. In particular, its rate of possible exponential growth at → 0 is closely related to the classical Lyapunov exponent. Here we explore how this approach to "quantum chaos" relates to the random-matrix theoretical description. To do so, we introduce and study the level statistics of the logarithm of the out-of-time-ordered operator,
Introduction -There exist three approaches to define the concept of "quantum chaos." First, the most natural avenue is to quantize a classically chaotic model and label the corresponding quantum model as "quantum chaotic." A second, more sophisticated approach identifies quantum chaos with the level repulsion between energy levels, described by the universal Wigner-Dyson random-matrix level statistics. The first two approaches are connected by the so called Bohigas-Giannoni-Schmit (BGS) conjecture [1] which postulates that the spectra of time-reversal-invariant classically chaotic systems show the same fluctuation properties as predicted by Gaussian Orthogonal Ensemble (GOE). Semiclassical approaches in the form of periodic orbit theory [2] by Berry [3] and non-linear sigma models by Andreev et al. [4] [5] [6] have been employed to prove BGS conjecture with some partial success. Finally, a third "definition," which became the focus of much research recently, involves the out-oftime-ordered correlator (OTOC) -a quantity, whose quasiclassical limit reproduces the sensitivity of quasiclassical trajectories to initial conditions. Exponential growth of OTOC at early times is identified as a fingerprint of quantum chaos, connecting the quantum dynamics to the hallmark of classical chaos -Lyapunov divergence of classical trajectories, colloquially known as the "butterfly effect."
While in many cases (e.g., disordered metals [7] and certain chaotic billiards) these approaches do appear equivalent, there is most certainly no universal equivalence. For example, not all quantum models with Wigner-Dyson level statistics are required to have an "obvious" classical counterpart (e.g., Sachdev-Ye-Kitaev model) and not all classically chaotic dynamical systems acquire Wigner-Dyson level statistics upon quantization (for example, systems that show localization, such as Anderson insulator or quantum kicked rotor, have Poisson level statistics). Such cases are considered outside of the BGS characterization. This ambiguity makes the notion of quantum chaos somewhat poorly defined. It is highly desirable therefore to obtain a more straightforward way of connecting the different intuitive ideas and approaches to "quantum chaos," and we attempt to do so in this paper by introducing an operator, we dub the Lyapunovian [see Eq. (1) below], which, as we show, contains information about both the universal level statistics resulting from quantum interference and classical Lyapunov exponents in a (semi)classical phase space.
All explicit calculations are performed for the quantum stadium billiard -a canonical model to explore quantum signatures of chaos, -but the main construction naturally transplants to a wider class of models. Our study is motivated by recent work on OTOCs, the concept originally introduced by Larkin and Ovchinnikov [8] in the context of disordered metals. It involves quantum expectation value of the following positive-definite operator: of the operator (1) -the OTOC -probes the sensitivity of quasiclassical trajectories to initial conditions:
. Thus the classical Lyapunovlike growth is anticipated at early times, C(t) ∝ exp(2λt). However, whether the OTOC actually exponentially grows or not depends on the choice of a quantum state and on the existence of a pre-Ehrenfest-time window, before the quantum interference washes out the classical growth, if any. In some sense, the search for exponential growth of OTOC becomes the search for a quasiclassical description. In some cases, such as billiards or diffusive metals, the quasiclassical limit is obvious. In some others, such as the Sachdev-Ye-Kitaev model, the classical variables are "hidden" in an exotic large-N limit [9, 10] . The dependence of the OTOC on the choice of a quantum state is a non-universal feature, and instead, motivated by Ref. [11] , we focus on the random matrix structure of the Lyapunovian -the Hermitian operatorΛ(t) in Eq. (1) . The Lyapunovian possesses a semiclassical interpretation which enables us to connect the spectral statistics with the spectrum of classical Lyapunov matrix in a partitioned phase space.
Model -For explicit calculations, we choose the quantum stadium billiard. The classical Bunimovich stadium billiard is a seminal model of classical chaos [12] [13] [14] , and its quantum counterpart has been known to obey the Wigner-Dyson energy-level statistics of GOE [15] [16] [17] [18] [19] reproduced in Fig. 1 . Throughout the paper, we consider the billiard with unit aspect ratio a/R = 1, where 2a is the length of the straight segments of the walls and R is the radius of the circular ones. As was shown in Ref. [19] , in this case, the contribution of the bouncing-ball orbits to the level statistics is negligible, which ensures that the level-spacing distribution obeys the Wigner surmise very closely. We use the units where both the area of the billiard A = (π + 4)R 2 and the particle mass m are set to 1. We also choose a certain momentum p 0 as the third unit. Later, it will play the role of the particle's average momentum. In the semiclassical limit, p 0 translates into the momentum of the classical particle inside the billiard. In these units, the Schrödinger equation and the boundary condition read:
where eff = /(p 0 √ A). The stadium billiard has two reflection symmetries -those with respect to x ↔ −x and y ↔ −y. Correspondingly, its eigenstates have one of four possible parities [15] . E.g., the odd-odd-parity functions Ψ oo (−x, y) ≡ Ψ oo (x, −y) ≡ −Ψ oo (x, y). As it is usually done, in order to enforce these parities and speed up the calculations, we use a quarter of the billiard imposing Dirichlet and/or Neumann boundary conditions on the cuts to obtain solutions of all four parities separately. We solve these boundary-value problems for the Laplace operator numerically using the finite-element method. It is known that the accuracy of the numerical solution deteriorates with the number of found eigenstates [20] . We use the Weyl's formula for the number of modes [21] to control it. According to the Weyl's law, the average number N (E) of eigenstates below energy E asymptotes to
where P is the billiard's perimeter. We do all calculations in several ranges with the smallest one (limited to about N = 5000 eigenstates) that preserves the exact agreement with the Weyl formula and the largest one (using about N = 10 5 states) that diverges from it by nearly 5%. We verify that all our results are the same regardless of the truncation size N .
Universal statistics of Lyapunovian -Let us turn to the central subject of the work -the level statistics of the out-of-time-ordered operators. Apart from the Lyapunovian (1), we also define the arbitrary-power Hermitian operators:
with k ∈ N, such thatĈ (2) (t) ≡Ĉ(t). For even k = 2n, Λ 2n (t) ≡Λ(t), while for odd k = 2n − 1, we only defineΛ 2n−1 (t) within the positive-eigenvalue subspaces of C 2n−1 (t), which is indicated by the " + = " sign. In addition, we consider a closely related Hermitian operator resembling a 4-point correlator:
We use the energy eigenstates |E n to construct matrices C (k) nm (t) = E n |Ĉ (k) (t)|E m and F nm (t) = E n |F (t)|E m . For numerical calculations, we truncate the operators to finite N × N matrices according to the number of the eigenstates in use. Then the finite matrices are numerically diagonalized and the statistics of the spacings between the logarithms of eigenvalues as well as between the eigenvalues themselves are studied. Due to the parities of the energy eigenfunctions, the matrices C (k) nm (t) and F nm (t) are 4 × 4 block-diagonal, and each block corresponds to one parity. Level spacings are thus only calculated within each block separately and then combined (because eigenvalues in different blocks are not correlated with each other). The operatorsĈ (k) andF have the same bulk level statistics as their respective logarithms,Λ k andΓ, but are more sensitive to finite-size effects [23] . Therefore below, we study the log operators only. We observe different ensembles for different operators.
Note that at t = 0,Ĉ (k) (0) = k eff are c-numbers, so they do not have level-spacing distributions. However, the operatorF (0) =x(0)p(0)x(0)p(0) + H. c. is a nontrivial Hermitian operator, and its matrix F nm (0) is realvalued. We find -see inset (a) in Fig. 2 -that the bulk level statistics forΓ(0) corresponds to GOE -the same ensemble as that of the Hamiltonian.
At any finite time, t = 0, all C (k) nm (t) and F nm (t) become non-trivial Hermitian matrices with complex entries due to the unitary time-evolution of the operator x(t) = e iĤtx e −iĤt with the random-matrix Hamiltonian. In Fig. 2, main plot and inset (b) show the bulk level statistics of the Lyapunovian andΓ(t), respectively, at a fixed time t = 0. The operators' spectra are different. Of course, microscopic details of both the spectra are time-dependent, as the individual levels move with time. But we find that their bulk spectral statistics appear to be completely universal and remain the same for any t = 0. The bulk level statistics ofΛ 2n−1 andΓ correspond to GUE [Fig. 2, inset (b) ], while extracting the Lyapunovian level statistics is a little more involved. The bulk level statistics ofĈ (1) andΛ 1 correspond to GUE. But since the spectrum ofĈ (1) has positive and negative branches, andĈ ≡ Ĉ (1) 2 , the spectrum ofĈ consists of these positive and negative branches squared and superimposed onto each other (this translates to the spectrum of the operatorΛ, as well). This results in the effective suppression of level repulsion, because the neighboring levels that originate from different branches of the spectrum ofĈ (1) are uncorrelated. We present two ways to account for this effect. First, provided the knowledge of the spectrum ofĈ (1) , one can filter the eigenvalues of C that originate from only one -positive or negativebranch. This results in GUE filtered bulk level statistics forĈ and the Lyapunovian. Alternatively, without the knowledge of the spectrum ofĈ (1) , given its approximate symmetry, one can filter every second eigenvalue ofĈ to reduce the frequency of accounting for spacings between uncorrelated levels. Following this approach, one finds the Wigner-Dyson distribution for every second level in the bulk of the spectra ofĈ andΛ, and that distribution corresponds to the Gaussian ensemble with the Dyson index β = 3 -intermediate between GUE and GSE [ Fig. 2 , main plot].
While the former (GUE) result is natural, the β = 3 ensemble for every second level of the Lyapunovian results from the combination of its intrinsic structure and the filtering algorithm. However, it is still generalthe same statistical properties can be found for nextnearest-neighbor level spacing in the bulk of the spectra of positive-definite matrices that are the squares (or logarithms of squares) of Hermitian random matrices from GUE. This argument suggests that for all odd powers 2n − 1, the bulk level statistics ofĈ (2n−1) (t = 0) should correspond to GUE, and for all even powers 2n, the bulk level statistics for every second level of C (2n) (t = 0) should correspond to the Gaussian ensemble with β = 3. We have verified that it is indeed the case for k = 1, 2, 3, and 4.
Phase-space description of OTOC -We now turn to the particularly interesting question of a connection between the exponential Lyapunov growth of the OTOC, C(t) = Ψ|e 2 tΛ(t) |Ψ ∝ e 2λt , at early times and the Wigner-Dyson level statistics of the operatorΛ(t). There appears to be a disconnect between the two in that the former Lyapunov growth is a classical pre-Ehrenfest-time behavior without quantum interference, while the latter is a consequence of well-developed quantum interference. To connect the two and gain some intuition, we follow Cotler et al. [24] and consider the Lyapunov operator within the phase-space formulation. This is achieved by describing the quantum dynamics in terms of the Wigner function, W (r, p, t), in the four-dimensional phase space that we parameterize by z = (r, p) for brevity. All operators are translated into phase-space distributions via Wigner transform [25] .
In particular, the out-of-time-ordered operatorĈ(t) corresponds to the Moyal brackets
2 , where X(z, t) is the solution of the Moyal evolution equation:
with classical initial condition X(z, 0) = x cl (z, 0). And P (z, 0) = p cl (z, 0). We can then express X(z, t) = x cl (z, t) + ∞ k=1 2k eff x (2k) (z, t), and the series of quantum corrections vanishes at t = 0 according to the initial conditions: x (2k) (z, 0) = 0. This choice of initial conditions insures that X(z, t) is the Moyal trajectory which coincides with the classical trajectory x cl (z, t) in the eff → 0 limit, and at t = 0 the distributions X and P are classical. The classical trajectories are obtained by solving Hamilton-Jacobi equations. The eff -dependent corrections are obtained by solving the series of the following evolution equations:
where the indexed brackets are
B(z). The initial conditions for the higher-order corrections are x (2k) (z, 0) = 0 for all k > 0, since at time t = 0 everything is classical and is captured within the Poisson-bracket term.
In this semiclassical approach, the classical phase space is partitioned into the cells with the phase volume δz = (2π eff )
2 . Within the phase-space formulation, the Lyapunov operator is represented via a matrix whose indices enumerate these cells. The eff -expansion of the corresponding evolution shows that the zeroth-order Larkin-Ovchinnikov classical term ([∂x cl (z, t)/∂x(z, 0)]
2 ∝ e 2λ(z)t ) implies completely independent Lyapunov exponents for each phase-space cell. In other words, the Lyapunov operator in the classical limit is a matrix of uncorrelated Lyapunov exponents. A typical correlation term comes from an expression of the type
, which is the 2 eff -order correction to the trajectory [24] . The 2 eff -dependent corrections to C MB (t) generate correlations between the cells, and repulsion between the eigenvalues of the Lyapunov matrix "commences". Such correlations peak around the Ehrenfest time when the phase space becomes highly correlated [26] leading to the breakdown of the Moyal expansion (or any semiclassical description of OTOC [8] ). The full quantum operatorĈ(t) generally applies to the post-Ehrenfest time scale and encapsulates full quantum interference effects resulting in the universal Wigner-Dyson statistics as shown in Fig. 2 .
Early-time behavior of OTOC -Finally, we address the question of how to actually extract the classical Lyapunov exponent from the Lyapunov operator in a way similar to that in Ref. [27] . As noted above, (1) averaged over the initial state (8) at early times (in semi-log scale) with eff = 2 −7 , x0 = y0 = 0, p0x/p0y = e, σ = 1/ √ 2. Between tc and tE, the growth is nearly exponential, C(t) ∝ e 2λt , for the time longer than 4/(2λ), but the value ofλ depends on the choice of the initial wave packet |Ψ cl , because tE is not enough for the classical Lyapunov exponent to average over the phase space.
not any matrix element would result in the exponential growth. For example, Hashimoto et al. [28] reported lack of exponential growth in the thermal average of the out-of-time-ordered operator -defined as OTOC β (t) = Z −1 n e −βEn E n |Ĉ(t)|E n -for the quantum stadium billiard. One would expect it to be the case, as the matrix elements involved in this average have no semiclassical description, which would correspond to a particle moving with a definite velocity and instead mix up different momenta and positions. This thermal average involves the states in wide range of energies with well-developed quantum interference, where classical dynamics is washed out already at t = 0. In addition, it primarily accounts for the lower-lying states (unless the temperature β −1 is very high) that correspond to low momenta, to which the Lyapunov exponent is proportional.
To get exponential growth in this and, as we believe, in many other systems, we have to identify the "most classical" initial state and let it evolve with time. In the case of a billiard, the natural choice is a Gaussian minimal-uncertainty wave packet:
where σ controls initial squeezing, and the parameters r 0 and p 0 are the initial average position and momentum of the wave packet. |p 0 | = p 0 = 1 is the unit of momentum introduced before. However, this is not enough. Let λ cl denote the classical Lyapunov exponent of the system at unit momentum |p| = 1 (for fixed mass m = 1 at arbitrary momentum, λ cl | p ∝ |p|). There are two standard time scales: the collision time t c ∼ 1/λ cl is of the order of the time it takes the wave packet to hit the billiard's wall, and the Ehrenfest time t E ∼ | ln eff |/λ cl is of the order of the time it takes a minimal-uncertainty wave packet to spread across the entire system. Classically, λ cl is defined as the infinite-time average and can be obtained for (almost) any initial condition by allowing enough time for a trial trajectory to explore a decent fraction of the phase space. At early times, though, the exponent fluctuates a lot before it reaches its average value, and the early-time values depend on the initial conditions. In the quantum calculation, the classical physics is limited to t < t E , which in our case allows for just a few collisions of the wave packet with the walls. But instead of a single trial trajectory, we start with a wave packet that is equivalent to averaging over an ensemble of trajectories, which, in turn, is equivalent to averaging over a longer time and cancels most of the fluctuations. Within our numerics, we were unable to reach complete self-averaging, so while we see robust exponential growth spanning the interval between t c and t E , the value of the exponent still depends on the initial wave packet and fluctuates moderately.
As shown in Fig. 3 , at the pre-Ehrenfest times, OTOC does grow exponentially: C(t) ∝ e 2λt . In the semiclassical regime (at t < t E ), we can replace the commutator with the Poisson brackets and average them classically over the ensemble of trajectories that corresponds to the Gaussian Wigner distribution W cl (z) built from the initial state |Ψ cl . We denote this average by . . . [29] . We then have C(t) ≈ C cl (t) at t < t E , where:
C cl (t) = 
where, λ ps cl (z, t) accounts for both the proportionality to the total momentum and the short-time effects giving λ ps cl (z, t) the dependence on the rest of the phase-space coordinates and time. Note that λ in Eq. (10) is very close in spirit to the notion of the expansion entropy used for an alternative definition of classical chaos [30] . Strictly speaking, one has to compare the quantum exponentλ to the classical value of λ. But as noted above, available time t < t E is not sufficient for the quantum exponent λ to self-average, and we do not reach exact quantitative agreement. Instead, in various calculations, we got λ in the interval between λ cl /2 and 3λ cl /2, while λ λ cl . λ cl ≈ 1.15 is calculated for the classical stadium billiard in Refs. [14, 31] . The example in Fig. 3 hasλ ≈ 0.85.
